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Abstract
In this paper, first we study infinitesimal deformations of a Lie algebra with a represen-
tation and introduce the notion of a Nijenhuis pair, which gives a trivial deformation of a
Lie algebra with a representation. Then we introduce the notion of a Kupershmidt-(dual-
)Nijenhuis structure on a Lie algebra with a representation, which is a generalization of the
r-n structure (r-matrix-Nijenhuis structure) introduced by Ravanpak, Rezaei-Aghdam and
Haghighatdoost. We show that a Kupershmidt-(dual-)Nijenhuis structure gives rise to a hi-
erarchy of Kupershmidt operators. Finally, we define a Rota-Baxter-Nijenhuis structure to
be a Kupershmidt-Nijenhuis structure on a Lie algebra with respect to the adjoint representa-
tion, and study the relation between Rota-Baxter-Nijenhuis structures and r-matrix-Nijenhuis
structures.
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1 Introduction
Nijenhuis operators on Lie algebras have been introduced in the theory of integrable systems in
the work of Magri, Gelfand and Dorfman (see the book [8]), and, under the name of hereditary
operators, in that of Fuchssteiner and Fokas ([10]). In the sense of the theory of deformations of
Lie algebras ([17]), Nijenhuis operators generate trivial deformations naturally. More precisely, A
Nijenhuis operator on a Lie algebra (g, [−,−]g) is a linear map N : g −→ g satisfying
[N(x), N(y)]g = N
(
[N(x), y]g + [x,N(y)]g −N [x, y]g
)
, ∀ x, y ∈ g. (1)
Furthermore, the deformed bracket [−,−]N : ∧
2g −→ g given by
[x, y]N = [N(x), y]g + [x,N(y)]g −N([x, y]g), (2)
is a Lie bracket and N is a Lie algebra morphism from (g, [−,−]N) to (g, [−,−]g).
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Poisson-Nijenhuis structures were defined by Magri and Morosi in 1984 ([16]) in their study
of completely integrable systems. See [13, 14] for more details on Poisson-Nijenhuis structures.
Recently, Ravanpak, Rezaei-Aghdam and Haghighatdoost introduced the notion of an r-n structure
on a Lie algebra g, which is the infinitesimal of a right-invariant Poisson-Nijenhuis structure on
the Lie group G integrating the Lie algebra g ([18]). An r-n structure on a Lie algebra g is a
pair (π,N), where π is an r-matrix, i.e. π satisfies the classical Yang-Baxter equation [π, π]g = 0,
and N is a Nijenhuis operator on g, such that some compatibility conditions are satisfied. In this
paper, we will call such a structure an r-matrix-Nijenhuis structure. An equivalent description of
a bivector π ∈ ∧2g being an r-matrix is given by
[π♯(α), π♯(β)]
g
= π♯(ad∗π♯(α)β − ad
∗
π♯(β)α), ∀ α, β ∈ g
∗, (3)
where π♯ : g∗ −→ g is defined by 〈π♯(α), β〉 = π(α, β) and ad∗ is the coadjoint representation of
the Lie algebra g. See [9, 12] for more details.
Baxter introduced the concept of a Rota-Baxter algebra for associative algebras ([6]) in his study
of fluctuation theory in probability. It has been found many applications in recent years, including
the algebraic approach of Connes-Kreimer ([7]) to renormalization of perturbative quantum field
theory, tridendriform algebras ([4]), quantum analogue of Poisson geometry ([20]), twisting on
associative algebras ([21]). In the Lie algebra context, a Rota-Baxter operator of weight zero was
introduced independently in the 1980s as the operator form of the classical Yang-Baxter equation,
named after the physicists C.-N. Yang and R. Baxter. See the book [11] for more details. A linear
operator R : g −→ g on a Lie algebra g is called a Rota-Baxter operator if the following condition
is satisfied:
[R(x),R(y)]g = R([R(x), y]g + [x,R(y)]g), ∀ x, y ∈ g. (4)
In [19], Semonov-Tian-Shansky studied the classical Yang-Baxter equation systematically. He
proved that if there is an ad-invariant, non-degenerate, symmetric bilinear form on g, then a Rota-
Baxter operator and an r-matrix are equivalent. Moreover, Kupershmidt restudied the classical
Yang-Baxter equation ([15]) and generalized the above representation to an arbitrary representation
(V ; ρ) of g, and introduce the notion of a Kupershmidt operator (also called an O-operator). By
definition, a Kupershmidt operator on a Lie algebra g with respect to a representation (V ; ρ) is a
linear map T : V −→ g satisfying
[T (u), T (v)]g = T
(
ρ(T (u))(v)− ρ(T (v))(u)
)
, ∀ u, v ∈ V. (5)
Note that a Rota-Baxter operator given by Semonov-Tian-Shansky is just a Kupershmidt operator
on a Lie algebra with respect to the adjoint representation (g; ad) and an r-matrix is a Kupershmidt
operator on a Lie algebra with respect to the coadjoint representation (g∗; ad∗). Moreover, the
notion of an extended O-operator was introduced by Bai, Guo and Ni in [2, 3] and plays important
role in the study of nonabelian generalized Lax pairs and the extended classical Yang-Baxter
equation.
The purpose of this paper is to introduce the notion of a Kupershmidt-(dual-)Nijenhuis struc-
ture on a Lie algebra with respect to a representation that contains the aforementioned r-matrix-
Nijenhuis structure as a special case, and give applications.
First we study infinitesimal deformations of a Lie algebra with a representation and introduce
the notion of a Nijenhuis pair. Similar to that a Nijenhuis operator gives a trivial infinitesimal
deformation of a Lie algebra, a Nijenhuis pair gives a trivial infinitesimal deformation of a Lie
algebra with a representation. We also introduce the notion of a dual-Nijenhuis pair, which can
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be viewed as the dual of a Nijenhuis pair. Based on the Nijenhuis pair and dual-Nijenhuis pair,
we introduce the notions of a Kupershmidt-Nijenhuis structure and a Kupershmidt-dual-Nijenhuis
structure, respectively. Just as that a Poisson-Nijenhuis structure gives rise to a hierarchy of
Poisson structures, a Kupershmidt-(dual-)Nijenhuis structure also gives rise to a hierarchy of Ku-
pershmidt operators and these Kupershmidt operators are pairwise compatible. Moreover, com-
patible Kupershmidt operators can also give rise to a Kupershmidt-dual-Nijenhuis structure. Our
definition of a Kupershmidt-dual-Nijenhuis structure satisfies the criterion that a Kupershmidt-
dual-Nijenhuis structure on a Lie algebra with respect to the coadjoint representation (g∗; ad∗)
is exactly an r-matrix-Nijenhuis structure. Since a Rota-Baxter operator is a Kupershmidt op-
erator with respect to the adjoint representation, we define a Rota-Baxter-Nijenhuis structure to
be a Kupershmidt-Nijenhuis structure on a Lie algebra with respect to the adjoint representation
(g; ad). The relation between Rota-Baxter-Nijenhuis structure and r-matrix-Nijenhuis structure is
investigated (see Theorem 5.3).
The paper is organized as follows. In Section 2, we study infinitesimal deformations of a Lie
algebra with a representation, and introduce the notion of a Nijenhuis pair on a Lie algebra and
show that it generates a trivial deformation of a Lie algebra with a representation. We also intro-
duce the notion of a dual-Nijenhuis pair as the dual of a Nijenhuis pair. In Section 3, we introduce
the notions of a Kupershmidt-Nijenhuis structure and a Kupershmidt-dual-Nijenhuis structure.
Some properties of Kupershmidt-(dual-)Nijenhuis structures are studied. In Section 4, we first
give the relations between Nijenhuis operators and Kupershmidt operators. Then, we prove that,
on the one hand, Kupershmidt-(dual-)Nijenhuis structures give rise to hierarchies of Kupershmidt
operators, which are pairwise compatible; on the other hand, compatible Kupershmidt operators
with a condition can give a Kupershmidt-dual-Nijenhuis structure. In Section 5, we introduce the
notion of a Rota-Baxter-Nijenhuis structure on a Lie algebra and prove that it is equivalent to the
r-matrix-Nijenhuis structure with some conditions.
2 Infinitesimal deformations of a Lie algebra with a repre-
sentation
Let (g, [−,−]g) be a Lie algebra and ρ : g −→ gl(V ) a representation. Let ω : ∧
2g −→ g and
̟ : g −→ gl(V ) be linear maps. Consider a t-parametrized family of bracket operations and linear
maps:
[x, y]t = [x, y]g + tω(x, y),
ρt(x) = ρ(x) + t̟(x).
If (g, [−,−]t) are Lie algebras and ρt are representations of (g, [−,−]t) on V for all t, we say that
(ω,̟) generates a one-parameter infinitesimal deformation of the Lie algebra (g, [−,−]g) with
the representation (V ; ρ). We denote a one-parameter infinitesimal deformation of a Lie algebra
(g, [−,−]g) with a representation (V ; ρ) by (g, [−,−]t, ρt).
By direct calculation, we can deduce that (g, [−,−]t, ρt) is a one-parameter infinitesimal defor-
mation of the Lie algebra (g, [−,−]g) with the representation (V ; ρ) if and only if
[ω(x, y), z]g + [ω(z, x), y]g + [ω(y, z), x]g = ω(x, [y, z]g) + +ω(z, [x, y]g) + ω(y, [z, x]g), (6)
ω(ω(x, y), z) + ω(ω(z, x), y) + ω(ω(y, z), x) = 0, (7)
̟(ω(x, y)) = [̟(x), ̟(y)], (8)
ρ(ω(x, y)) +̟([x, y]g) = [ρ(x), ̟(y)] + [̟(x), ρ(y)]. (9)
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It is well-known that (6) means that ω is a 2-cocycle of the Lie algebra g with the coefficient in
the adjoint representation and (7) means that (g, ω) is a Lie algebra. Furthermore, (8) means that
̟ is a representation of the Lie algebra (g, ω) on V and (9) means that ρ+̟ is a representation
of the Lie algebra (g, [−,−]g + ω(−,−)) on V .
Definition 2.1. Two one-parameter infinitesimal deformations, (g, [−,−]t, ρt) and (g, [−,−]
′
t, ρ
′
t),
of a Lie algebra (g, [−,−]g) with a representation (V ; ρ) are equivalent if there exists an isomorphism
(Idg + tN, IdV + tS) from (g, [−,−]
′
t, ρ
′
t) to (g, [−,−]t, ρt), i.e.
(Idg + tN)[x, y]
′
t = [(Idg + tN)(x), (Idg + tN)(y)]t,
(IdV + tS) ◦ ρ
′
t(x) = ρt((Idg + tN)(x)) ◦ (IdV + tS).
A one-parameter infinitesimal deformation of a Lie algebra (g, [−,−]g) with a representation
(V ; ρ) is said to be trivial if it is equivalent to (g, [−,−]g, ρ).
By straightforward computations, (g, [−,−]t, ρt) is a trivial deformation if and only if
ω(x, y) = [N(x), y]g + [x,N(y)]g −N([x, y]g), (10)
Nω(x, y) = [N(x), N(y)]g, (11)
̟(x) = ρ(N(x)) + ρ(x) ◦ S − S ◦ ρ(x), (12)
ρ(N(x)) ◦ S = S ◦̟(x). (13)
It follows from (10) and (11) that N must be a Nijenhuis operator on the Lie algebra (g, [−,−]g).
It follows from (12) and (13) that N and S should satisfy the condition:
ρ(N(x))(S(v)) = S(ρ(Nx)(v)) + S(ρ(x)S(v)) − S2(ρ(x)(v)). (14)
Definition 2.2. A pair (N,S), where N ∈ gl(g) and S ∈ gl(V ), is called a Nijenhuis pair on a
Lie algebra (g, [−,−]g) with a representation (V ; ρ) if N is a Nijenhuis operator on the Lie algebra
(g, [−,−]g) and the condition (14) holds.
We have seen that a trivial deformation of a Lie algebra with a representation could give rise
to a Nijenhuis pair. In fact, the converse is also true.
Theorem 2.3. Let (N,S) be a Nijenhuis pair on a Lie algebra (g, [−,−]g) with a representation
(V ; ρ). Then a deformation of (g, [−,−]g, ρ) can be obtained by putting
ω(x, y) = [N(x), y]g + [x,N(y)]g −N([x, y]g); (15)
̟(x) = ρ(N(x)) + ρ(x) ◦ S − S ◦ ρ(x). (16)
Furthermore, this deformation is trivial.
Proof. It is a straightforward computations. We omit the details.
Similar to the definition of a Nijenhuis pair, we introduce the notion of a dual-Nijenhuis pair
on a Lie algebra with a representation.
Definition 2.4. A pair (N,S), where N ∈ gl(g) and S ∈ gl(V ), is called a dual-Nijenhuis pair
on a Lie algebra (g, [−,−]g) with a representation (V ; ρ) if N is a Nijenhuis operator on the Lie
algebra (g, [−,−]g) and S satisfies the following condition:
ρ(N(x))(S(v)) = S(ρ(N(x))(v)) + ρ(x)(S2(v)) − S(ρ(x)(S(v))). (17)
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Let ρ∗ : g −→ gl(V ∗) be the dual representation of ρ defined by
〈ρ∗(x)(α), v〉 = −〈α, ρ(x)(v)〉, ∀ x, y ∈ g, v ∈ V, α ∈ V ∗. (18)
In fact, there is a close relationship between a Nijenhuis pair and a dual-Nijenhuis pair.
Proposition 2.5. (N,S) is a Nijenhuis pair on a Lie algebra (g, [−,−]g) with a representation
(V ; ρ) if and only if (N,S∗) is a dual-Nijenhuis pair on the Lie algebra (g, [−,−]g) with the repre-
sentation (V ∗; ρ∗).
Proof. It follows from
〈ρ(N(x))S(v) − Sρ(N(x))(v) − Sρ(x)S(v) + S2ρ(x)(v), α〉
= −〈v, S∗ρ∗(N(x))(α) − ρ∗(N(x))(S∗(α)) − S∗ρ∗(x)(S∗(α)) + ρ∗(x)((S∗)2(α))〉.
Definition 2.6. A Nijenhuis pair (N,S) on a Lie algebra (g, [−,−]g) with a representation (V ; ρ)
is called a perfect Nijenhuis pair if
S2(ρ(x)(v)) + ρ(x)(S2(v)) = 2S(ρ(x)(S(v))), ∀ x ∈ g, v ∈ V. (19)
It is obvious that a perfect Nijenhuis pair is not only a Nijenhuis pair but also a dual-Nijenhuis
pair.
A Nijenhuis pair gives rise to a Nijenhuis operator on the semidirect product Lie algebra.
Proposition 2.7. Let (N,S) be a Nijenhuis pair on a Lie algebra (g, [−,−]g) with a representation
(V ; ρ). Then N+S is a Nijenhuis operator on the semidirect product Lie algebra g⋉ρV. Furthermore,
if (N,S) is a perfect Nijenhuis pair, then N + S∗ is a also a Nijenhuis operator on the semidirect
product Lie algebra g⋉ρ∗ V
∗.
Define ˆ̺ : g −→ gl(V ) and ˜̺ : g −→ gl(V ), respectively, by
ˆ̺(x) = ρ(Nx) + [ρ(x), S], (20)
˜̺(x) = ρ(Nx)− [ρ(x), S], ∀ x ∈ g. (21)
Corollary 2.8. (i) If (N,S) is a Nijenhuis pair on a Lie algebra (g, [−,−]g) with a representa-
tion ρ, then ˆ̺ is a representation of the Lie algebra (g, [−,−]N) on V ;
(ii) If (N,S) is a dual-Nijenhuis pair on a Lie algebra (g, [−,−]g) with a representation ρ, then
˜̺ is a representation of the Lie algebra (g, [−,−]N ) on V ;
Proof. (i) By Proposition 2.7, N+S is a Nijenhuis operator on the semidirect product Lie algebra
g⋉ρ V . The deformed bracket [−,−]N+S is given by
[x+ u, y + v]N+S = [(N + S)(x+ u), y + v]ρ + [x + u, (N + S)(y + v)]ρ − (N + S)[x+ u, y + v]ρ
= [Nx, y]g + [x,Ny]g −N [x, y]g
+ρ(Nx)(v) + ρ(x)S(v) − Sρ(x)(v) − ρ(y)S(u)− ρ(Ny)(u) + Sρ(y)(u)
= [x, y]N + ˆ̺(x)(v) − ˆ̺(y)(u),
which implies that ˆ̺ is a representation of the Lie algebra (g, [−,−]N ) on V .
(ii) By direct calculation, the dual map ˜̺∗ of ˜̺ is given by
˜̺∗(x) = ρ∗(Nx) + [ρ∗(x), S∗], ∀x ∈ g. (22)
Since (N,S) is a dual-Nijenhuis pair with a representation ρ, by Proposition 2.5, (N,S∗) is a
Nijenhuis pair with a representation ρ∗. By (i), ˜̺∗ is a representation of the Lie algebra (g, [−,−]N )
on V ∗ and thus ˜̺ is a representation of the Lie algebra (g, [−,−]N ) on V .
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3 Kupershmidt-(dual-)Nijenhuis structures
There is a close relationship between Kupershmidt operators and pre-Lie algebras.
Definition 3.1. A pre-Lie algebra is a pair (V, ⋆), where V is a vector space and ⋆ : V ⊗V −→ V
is a bilinear multiplication satisfying that for all x, y, z ∈ V , the associator (x, y, z) = (x ⋆ y) ⋆ z −
x ⋆ (y ⋆ z) is symmetric in x, y, i.e.
(x, y, z) = (y, x, z), or equivalently, (x ⋆ y) ⋆ z − x ⋆ (y ⋆ z) = (y ⋆ x) ⋆ z − y ⋆ (x ⋆ z).
Let (V, ⋆) be a pre-Lie algebra. The commutator [x, y]c = x ⋆ y − y ⋆ x defines a Lie algebra
structure on V , which is called the sub-adjacent Lie algebra of (V, ⋆) and denoted by V c.
Furthermore, L : V −→ gl(V ) with x → Lx, where Lxy = x ⋆ y, for all x, y ∈ V , gives a
representation of the Lie algebra V c on V . See [5] for more details.
The following result establishes the connection between Kupershmidt operators and pre-Lie
algebras.
Theorem 3.2. ([1]) Let T : V → g be a Kupershmidt operator on a Lie algebra (g, [−,−]g) with
respect to a representation (V ; ρ). Define a multiplication ⋆T on V by
u ⋆T v = ρ(Tu)(v), ∀u, v ∈ V. (23)
Then (V, ⋆T ) is a pre-Lie algebra.
We denote by (V, [−,−]T ) the sub-adjacent Lie algebra of the pre-Lie algebra (V, ⋆T ). More
precisely,
[u, v]T = ρ(Tu)(v)− ρ(Tv)(u). (24)
Moreover, T is a Lie algebra homomorphism from (V, [−,−]T ) to (g, [−,−]g).
Now let T : V −→ g be a Kupershmidt operator and (N,S) a (dual-)Nijenhuis pair on a Lie
algebra (g, [−,−]g) with a representation (V ; ρ). We define the bracket [−,−]
T
S : ∧
2V −→ V to be
the deformed bracket of [−,−]T by S, i.e.
[u, v]TS = [S(u), v]
T + [u, S(v)]T − S([u, v]T ), ∀ u, v ∈ V.
Define the bracket {−,−}Tˆ̺ : ∧
2V −→ V and {−,−}T˜̺ : ∧
2V −→ V similar as (24) using the
representation ˆ̺ and ˜̺, respectively:
{u, v}Tˆ̺ = ˆ̺(Tu)(v)− ˆ̺(Tv)(u), (25)
{u, v}T˜̺ = ˜̺(Tu)(v)− ˜̺(Tv)(u), ∀ u, v ∈ V. (26)
It is not true in general that the brackets [−,−]TS , {−,−}
T
ˆ̺ and {−,−}
T
˜̺ satisfy the Jacobi identity.
Definition 3.3. A Kupershmidt operator T : V −→ g on a Lie algebra (g, [−,−]g) with respect to
a representation (V ; ρ) and a (dual-)Nijenhuis pair (N,S) are called compatible if they satisfy
the following conditions
N ◦ T = T ◦ S, (27)
[u, v]N◦T = [u, v]TS . (28)
The triple (T, S,N) is called a Kupershmidt-(dual-)Nijenhuis structure on the Lie algebra
(g, [−,−]g) with respect to the representation (V ; ρ) if T and (N,S) are compatible.
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Note that if (N,S) is a perfect Nijenhuis pair, then a Kupershmidt-Nijenhuis structure is also
a Kupershmidt-dual-Nijenhuis structure.
Lemma 3.4. (a) Let (T, S,N) be a Kupershmidt-Nijenhuis structure. Then we have
[u, v]
T
S = {u, v}
T
ˆ̺ .
(b) Let (T, S,N) be a Kupershmidt-dual-Nijenhuis structure. Then we have
[u, v]
T
S = {u, v}
T
˜̺ .
Proof. (a) It follows from (27) directly.
(b) By (27), we have
[u, v]
T
S + {u, v}
T
˜̺ = 2[u, v]
N◦T
.
Then by (28), we obtain [u, v]
T
S = {u, v}
T
˜̺ .
Thus, if (T, S,N) is a Kupershmidt-(dual-)Nijenhuis structure, then the three brackets [−,−]
T
S ,
{−,−}Tˆ̺ ({−,−}
T
˜̺ ) and [−,−]
N◦T are the same. Moreover, we will see that they satisfy the Jacobi
identity.
Proposition 3.5. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure. Then S is a Nijen-
huis operator on the sub-adjacent Lie algebra (V, [−,−]T ). Thus, the brackets [−,−]TS , {−,−}
T
ˆ̺ ({−,−}
T
˜̺ )
and [−,−]N◦T are all Lie brackets.
Proof. For the Kupershmidt-Nijenhuis structure (T, S,N), by (14) and substituting x by T (u),
we get
0 = ρ(NT (u))S(v)− S(ρ(NT (u))(v) + Sρ(T (u))S(v)− Sρ(T (u))(v))
= ρ(TS(u))S(v)− S(ρ(TS(u))(v) + Sρ(Tu)S(v)− Sρ(Tu)(v))
= S(u) ⋆T S(v)− S(S(u) ⋆T v + u ⋆T S(v)− S(u ⋆T v)),
which implies that S is a Nijenhuis operator on the pre-Lie algebra (V, ⋆T ) ([22]). Thus S is a
Nijenhuis operator on the sub-adjacent Lie algebra (V, [−,−]T ).
For the Kupershmidt-dual-Nijenhuis structure (T, S,N), the proof is not direct. In fact, by the
relation [u, v]T◦S = [u, v]
T
S , one has
S(ρ(T ◦ S(u))(v)) − S(ρ(T (v))(S(u))) = ρ(T ◦ S(u))(S(v)) − ρ(T (v))(S2(u)); (29)
S2(ρ(T (u))(v)) − S2(ρ(T (v))(u)) = S(ρ(T (u))(S(v))) − S(ρ(T (v))(S(u))). (30)
By the condition (17), we have
ρ(T (v))(S2(u))− ρ(T ◦ S(v))(S(u)) = S(ρ(T (v))(S(u)))− S(ρ(T ◦ S(v))(u)). (31)
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By (29)-(31), we have
[S(u), S(v)]T − S([u, v]TS )
= ρ(T ◦ S(u))(S(v))− ρ(T ◦ S(v))(S(u)) + S2(ρ(T (u))(v)) − S2(ρ(T (v))(u))
−S(ρ(T (u))(S(v))) + S(ρ(T ◦ S(v))(u))− S(ρ(T ◦ S(u))(v)) + S(ρ(T (v))(S(u)))
= ρ(T ◦ S(u))(S(v))− ρ(T ◦ S(v))(S(u)) − S2(ρ(T (v))(u)) + S2(ρ(T (u))(v))
−S(ρ(T (u))(S(v))) + S(ρ(T ◦ S(v))(u))− ρ(T ◦ S(u))(S(v)) + S(ρ(T (v))(S2(u)))
= ρ(T ◦ S(u))(S(v))− ρ(T ◦ S(v))(S(u)) + S(ρ(T (u))(S(v))) − ρ(T (v))(S(u))
−S(ρ(T (u))(S(v))) + S(ρ(T ◦ S(v))(u))− ρ(T ◦ S(u))(S(v)) + ρ(T (v))(S2(u))
= ρ(T (v))(S2(u))− ρ(T ◦ S(v))(S(u))− S(ρ(T (v))(S(u))) + S(ρ(T ◦ S(v))(u))
= 0.
Thus S is a Nijenhuis operator on the Lie algebra (V, [−,−]T ).
Theorem 3.6. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure. Then we have
(i) T is a Kupershmidt operator on the deformed Lie algebra (g, [−,−]N ) with respect to the
representation (V ; ˆ̺) ((V ; ˜̺));
(ii) N ◦ T is a Kupershmidt operator on the Lie algebra (g, [−,−]g) with respect to the represen-
tation (V ; ρ).
Proof. We only prove the theorem for the Kupershmidt-Nijenhuis structure. The other one can
be proved similarly.
(i) Since T is a Kupershmidt operator on the Lie algebra (g, [−,−]g) with respect to the
representation (V ; ρ) and T ◦ S = N ◦ T , we have
T {u, v}Tρˆ = T ([u, v]
T
S ) = T ([S(u), v]
T + [u, S(v)]T − S[u, v]T )
= [T ◦ S(u), T (v)]g + [T (u), T ◦ S(v)]g − T ◦ S[u, v]
T
= [N ◦ T (u), T (v)]g + [T (u), N ◦ T (v)]g −N ◦ T [u, v]
T
= [T (u), T (v)]N .
Thus, T is a Kupershmidt operator on the deformed Lie algebra (g, [−,−]N ) with respect to the
representation (V ; ˆ̺).
(ii) By (28), we have
N ◦ T ([u, v]N◦T ) = N ◦ T ([u, v]TS ) = N [T (u), T (v)]N = [N ◦ T (u), N ◦ T (v)]g,
which implies that N ◦T is a Kupershmidt operator on the Lie algebra (g, [−,−]g) with respect to
the representation (V ; ρ).
The following theorem demonstrates that the Kupershmidt-Nijenhuis operator can give a
Kupershmidt-dual-Nijenhuis operator with a condition.
Theorem 3.7. Let (T, S,N) be a Kupershmidt-Nijenhuis structure. If T is invertible, then (T, S,N)
is a Kupershmidt-dual-Nijenhuis structure.
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Proof.We only need to prove that the Nijenhuis pair (S,N) is also a dual-Nijenhuis pair. By (28),
we have
[u, v]TS − [u, v]
T◦S = ρ(T (u))(S(v))− ρ(T (v))(S(u))− S
(
ρ(T (u))(v)− ρ(T (v))(u)
)
,
which implies that
ρ(T (u))(S(v))− ρ(T (v))(S(u)) = S
(
ρ(T (u))(v)− ρ(T (v))(u)
)
. (32)
Since S is a Nijenhuis operator on the Lie algebra (V, [−,−]T ) and [u, v]
T
S = [u, v]
T◦S
, we have
S([u, v]T◦S) = [S(u), S(v)]T ,
which means that
S
(
ρ(T ◦ S(u))(v) − ρ(T ◦ S(v))(u)
)
= ρ(T ◦ S(u))(S(v)) − ρ(T ◦ S(v))(S(u)). (33)
By (32), we have
S
(
ρ(T ◦ S(u))(v)
)
− ρ(T ◦ S(u))(S(v)) = S
(
ρ(T (v))(S(u))
)
− ρ(T (v))(S2(u)).
Thus (33) implies that
0 = S
(
ρ(T (v))(S(u))
)
− ρ(T (v))(S2(u))− S
(
ρ(T ◦ S(v))(u)
)
+ ρ(T ◦ S(v))(S(u))
= S
(
ρ(T (v))(S(u))
)
− ρ(T (v))(S2(u))− S
(
ρ(N ◦ T (v))(u)
)
+ ρ(N ◦ T (v))(S(u)).
Since T is invertible and let x = T (v), we have
S
(
ρ(x)(S(u))
)
− ρ(x)(S2(u))− S
(
ρ(N(x))(u)
)
+ ρ(N(x))(S(u)) = 0.
Thus the Nijenhuis pair (S,N) is a dual-Nijenhuis pair. We finish the proof.
4 Hierarchy of Kupershmidt operators
4.1 Compatible Kupershmidt operators on Lie algebras
Definition 4.1. Let T1, T2 : V −→ g be two Kupershmidt operators on a Lie algebra (g, [−,−]g)
with respect to a representation (V ; ρ). If for all k1, k2, k1T1+k2T2 is still a Kupershmidt operator,
then T1 and T2 are called compatible.
Proposition 4.2. Let T1, T2 : V −→ g be two Kupershmidt operators on a Lie algebra (g, [−,−]g)
with respect to a representation (V ; ρ). Then T1 and T2 are compatible if and only if the following
equation holds:
[T1(u), T2(v)]g + [T2(u), T1(v)]g = T1
(
ρ(T2(u))(v) − ρ(T2(v))(u)
)
+T2
(
ρ(T1(u))(v) − ρ(T1(v))(u)
)
, ∀u, v ∈ V. (34)
Proof. It follows from a direct computation.
Using a Kupershmidt operator and a Nijenhuis operator, we can construct a pair of compatible
Kupershmidt operators .
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Proposition 4.3. Let T : V −→ g be a Kupershmidt operator on a Lie algebra (g, [−,−]g) with
respect to a representation (V ; ρ) and N a Nijenhuis operator on (g, [−,−]g). Then N ◦ T is a
Kupershmidt operator on the Lie algebra (g, [−,−]g) with respect to the representation (V ; ρ) if and
only if for all u, v ∈ V , the following equation holds:
N
(
[NT (u), T (v)]g + [T (u), NT (v)]g
)
= N
(
T
(
ρ(NT (u))(v)− ρ(NT (v))(u)
)
+NT
(
ρ(T (u))(v)− ρ(T (v))(u)
))
. (35)
In this case, if in addition N is invertible, then T and N ◦ T are compatible. More explicitly, for
any Kupershmidt operator T , if there exists an invertible Nijenhuis operator N such that N ◦ T is
also a Kupershmidt operator, then T and N ◦ T are compatible.
Proof. Since N is a Nijenhuis operator, we have
[NT (u), NT (v)]g = N
(
[NT (u), T (v)]g + [T (u), NT (v)]g
)
−N2([T (u), T (v)]g).
Note that
[T (u), T (v)]g = T
(
ρ(T (u))(v)− ρ(T (v))(u)
)
.
Then
[NT (u), NT (v)]g = NT
(
ρ(NT (u))(v)− ρ(NT (v))(u)
)
if and only if (35) holds.
If N ◦ T is a Kupershmidt operator and N is invertible, then we have
[NT (u), T (v)]g+[T (u), NT (v)]g = T
(
ρ(NT (u))(v)−ρ(NT (v))(u)
)
+NT
(
ρ(T (u))(v)−ρ(T (v))(u)
)
,
which is exactly the condition that N ◦ T and T are compatible.
A pair of compatible Kupershmidt operators can also give rise to a Nijenhuis operator under
some conditions.
Proposition 4.4. Let T1, T2 : V −→ g be two Kupershmidt operators on a Lie algebra (g, [−,−]g)
with respect to a representation (V ; ρ). Suppose that T2 is invertible. If T1 and T2 are compatible,
then N = T1 ◦ T
−1
2 is a Nijenhuis operator on the Lie algebra (g, [−,−]g).
Proof. For all x, y ∈ g, there exist u, v ∈ V such that T2(u) = x, T2(v) = y. Hence N = T1 ◦ T
−1
2
is a Nijenhuis operator if and only if the following equation holds:
[NT2(u), NT2(v)]g = N([NT2(u), T2(v)]g + [T2(u), NT2(v)]g)−N
2([T2(u), T2(v)]g).
Since T1 = N ◦ T2 is an Kupershmidt operator, the left hand side of the above equation is
NT2(ρ(NT2(u))(v) − ρ(NT2(v))(u)).
Since T2 is a Kupershmidt operator which is compatible with T1 = N ◦ T2, we have
[NT2(u), T2(v)]g + [T2(u), NT2(v)]g
= T2(ρ(NT2(u))(v) − ρ(NT2(v))(u)) +NT2(ρ(T2(u))(v) − ρ(T2(v))(u))
= T2(ρ(NT2(u))(v) − ρ(NT2(v))(u)) +N([T2(u), T2(v)]g).
Let N act on both sides, we get the conclusion.
By Proposition 4.3 and 4.4, we have
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Corollary 4.5. Let T1, T2 : V −→ g be two Kupershmidt operators on a Lie algebra (g, [−,−]g)
with respect to a representation (V ; ρ). Suppose that T1 and T2 are invertible. Then T1 and T2 are
compatible if and only if N = T1 ◦ T
−1
2 is a Nijenhuis operator.
In particular, as a direct application, we have the following conclusion.
Corollary 4.6. Let (g, [−,−]g) be a Lie algebra. Suppose that R1 and R2 are two invertible Rota-
Baxter operators. Then R1 and R2 are compatible in the sense that any linear combination of R1
and R2 is still a Rota-Baxter operator if and only if N = R1 ◦ R
−1
2 is a Nijenhuis operator.
4.2 Hierarchy of Kupershmidt operators
In the following, first we construct compatible Kupershmidt operators from Kupershmidt-(dual-
)Nijenhuis structures. Given a Kupershmidt-(dual-)Nijenhuis structure (T, S,N), by Theorem 3.6,
T and T ◦ S are Kupershmidt operators. In fact, they are compatible.
Proposition 4.7. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure. Then T and T ◦ S
are compatible Kupershmidt operators.
Proof. We only prove the conclusion for the Kupershmidt-Nijenhuis structure. The other one can
be proved similarly. It is sufficient to prove that T +T ◦S is a Kupershmidt operator. It is obvious
that
[u, v]T+T◦S = [u, v]T + [u, v]T◦S = [u, v]T + [u, v]TS .
Thus, we have
(T + T ◦ S)([u, v]T+T◦S)
= T ([u, v]T ) + T ◦ S([u, v]TS ) + T ◦ S([u, v]
T ) + T ([u, v]TS )
= T ([u, v]T ) + T ◦ S([u, v]TS ) + T ◦ S([u, v]
T )
+T ([S(u), v]T + [u, S(v)]T − S[u, v]T )
= T ([u, v]T ) + T ◦ S([u, v]TS ) + T ([S(u), v]
T + [u, S(v)]T )
= [T (u), T (v)]g + [T ◦ S(u), T ◦ S(v)]g + [T ◦ S(u), T (v)]g + [T (u), T ◦ S(v)]g
= [(T + T ◦ S)(u), (T + T ◦ S)(v)]g,
which means that T + T ◦ S is a Kupershmidt operator.
Lemma 4.8. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure. Then for all k, i ∈ N, we
have
Tk[u, v]
T
Sk+i = [Tk(u), Tk(v)]Ni . (36)
Proof. Since T is a Kupershmidt operator and T ◦ S = N ◦ T , we have
T ([u, v]TSi) = T
(
[Si(u), v]T + [u, Si(v)]T − Si([u, v]T )
)
= [N i(T (u)), T (v)]g + [T (u), N
i(T (v))]g −N
i([T (u), T (v)]g)
= [T (u), T (v)]Ni . (37)
Since S is a Nijenhuis operator on the associative algebra (V, ·T ), we have
Sk([u, v]TSk+i) = [S
k(u), Sk(v)]TSi . (38)
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Then by (37) and (38), we have
Tk([u, v]
T
Sk+i = T ◦ S
k([u, v]TSk+i) = T ([S
k(u), Sk(v)]TSi) = [T (S
k(u)), T (Sk(v))]Ni .
The proof is finished.
The proof of the following lemma is similar to the proof of Proposition 5.1 in [13].
Lemma 4.9. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure. Then for all k, i ∈ N
such that i ≤ k,
[u, v]Tk = [u, v]TSk = S
k−i[u, v]Ti , (39)
where Tk = T ◦ S
k = Nk ◦ T and set T0 = T .
Proposition 4.10. Let (T, S,N) be a Kupershmidt-(dual-)Nijenhuis structure with respect to the
representation (V ; ρ). Then all Tk = N
k ◦ T are Kupershmidt operators with respect to the repre-
sentation (V ; ρ) and for all k, l ∈ N, Tk and Tl are compatible.
Proof. We only prove the conclusion for the Kupershmidt-Nijenhuis structure. The other one can
be proved similarly.
By (36) and (39) with i = 0, we have
Tk[u, v]
Tk = [Tk(u), Tk(v)]g,
which implies that Tk is a Kupershmidt operator associated the representation (V ; ρ).
For the second conclusion, we need to prove that T k + T k+i is a Kupershmidt operator for all
k, i ∈ N. By (39), we have
[u, v]Tk+Tk+i = [u, v]Tk + [u, v]Tk+i = [u, v]Tk + [u, v]Tk
Si
.
Thus, we have
(Tk + Tk+i)([u, v]
Tk+Tk+i)
= Tk([u, v]
Tk) + Tk([u, v]
Tk
Si
) + Tk+i([u, v]
Tk) + Tk+i([u, v]
Tk
Si
)
= Tk([u, v]
Tk) + Tk+i([u, v]
Tk
Si
) + Tk+i([u, v]
Tk
Si
)
+Tk([S
i(u), v]Tk + [u, Si(v)]Tk − Si[u, v]Tk)
= Tk([u, v]
Tk) + Tk+i([u, v]
Tk
Si
) + T k([Si(u), v]Tk) + T k([u, Si(v)]Tk )
= [Tk(u), Tk(v)]g + [Tk+i(u), Tk+i(v)]g + [Tk+i(u), Tk(v)]g + [Tk(u), Tk+i(v)]g
= [(Tk + Tk+i)(u), (Tk + Tk+i)(v)]g.
Thus T k + T k+i is a Kupershmidt operator. We finish the proof.
Compatible Kupershmidt operators can give rise to Kupershmidt-dual-Nijenhuis structures.
Proposition 4.11. Let T, T1 : V −→ g be two Kupershmidt operators on a Lie algebra (g, [−,−]g)
with respect to a representation (V ; ρ). Suppose that T is invertible. If T and T1 are compatible,
then
(i) (T, S = T−1 ◦ T1, N = T1 ◦ T
−1) is a Kupershmidt-dual-Nijenhuis structure;
(ii) (T1, S = T
−1 ◦ T1, N = T1 ◦ T
−1) is a Kupershmidt-dual-Nijenhuis structure.
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Proof. (i) The proof of (N,S) being a dual-Nijenhuis pair is similar to the proof of Theorem 3.7.
We omit the details. It is obvious that T ◦ S = N ◦ T . Thus we only need to prove that the
compatibility condition (28) holds. By the compatibility condition of T and T1 and Proposition
4.4, N = T1 ◦ T
−1 is a Nijenhuis operator on the Lie algebra g. By Proposition 4.2, we also have
[T (u), T1(v)]g + [T1(u), T (v)]g = T
(
ρ(T1(u))(v) − ρ(T1(v))(u)
)
+T1
(
ρ(T (u))(v)− ρ(T (v))(u)
)
, ∀u, v ∈ V.
Substituting T1 with T ◦ S, then we have
[T (u), T ◦ S(v)]g + [T ◦ S(u), T (v)]g = T
(
ρ(T ◦ S(u))(v)− ρ(T ◦ S(v))(u)
)
+T ◦ S
(
ρ(T (u))(v)− ρ(T (v))(u)
)
. (40)
Since T is a Kupershmidt operator, we have
[T (u), T ◦ S(v)]g + [T ◦ S(u), T (v)]g = T
(
ρ(T (u))(S(v))− ρ(T ◦ S(v))(u)
+ρ(T ◦ S(u))(v)− ρ(T (v))(S(u))
)
.
Since T is invertible, (40) is equivalent to
S
(
ρ(T (u))(v)− ρ(T (v))(u)
)
= ρ(T (u))(S(v))− ρ(T (v))(S(u)). (41)
On the other hand, we have
[u, v]
T
S − [u, v]
T◦S
= ρ(T (u))(S(v))− ρ(T (v))(S(u))− S
(
ρ(T (u))(v)− ρ(T (v))(u)
)
.
Thus, (41) implies that [u, v]
T
S = [u, v]
T◦S
. Therefore, (T, S = T−1 ◦ T1, N = T1 ◦ T
−1) is a
Kupershmidt-dual-Nijenhuis structure.
(ii) By direct calculation, we have
[u, v]
T1
S − [u, v]
T1◦S
= ρ(T1(u))(S(v)) − ρ(T1(v))(S(u)) − S
(
ρ(T1(u))(v) − ρ(T1(v))(u)
)
= ρ(T ◦ S(u))(S(v))− ρ(T ◦ S(v))(S(u)) − S
(
ρ(T ◦ S(u))(v) − ρ(T ◦ S(v))(u)
)
= [S(u), S(v)]T − S[u, v]T◦S = 0.
Thus, (T1, S = T
−1 ◦ T1, N = T1 ◦ T
−1) is also a Kupershmidt-dual-Nijenhuis structure.
5 Rota-Baxter-Nijenhuis structures and r-matrix-Nijenhuis
structures
In the following, we first recall the definition of an r-n structure on a Lie algebra g, which is the
infinitesimal of a right-invariant Poisson-Nijenhuis structure on the Lie group G integrating the
Lie algebra g ([18]). We call such a structure an r-matrix-Nijenhuis structure.
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Definition 5.1. Let π be an r-matrix and N : g −→ g a Nijenhuis operator on a Lie algebra
(g, [−,−]g). A pair (π,N) is a r-matrix-Nijenhuis structure on the Lie algebra (g, [−,−]g) if
for x, y ∈ g and α, β ∈ g∗, they satisfy
N ◦ π♯ = π♯ ◦N∗, (42)
[α, β]
N◦π♯
= [α, β]
π♯
N∗ , (43)
where π♯ : g −→ g is a linear operator induced by 〈π♯(α), β〉 = π(α, β) , (43) is given by (28) with
S = N∗, T = π♯ and the representation ρ = ad∗.
It is obvious that the triple (π, S = N∗, N) is a Kupershmidt-dual-Nijenhuis structure on the
Lie algebra g with respect to the representation (g∗; ad∗).
Similar to the r-matrix-Nijenhuis structure, we give the definition of Rota-Baxter-Nijenhuis
structure on a Lie algebra.
Definition 5.2. Let (g, [·, ·]g) be a Lie algebra. Let R : g −→ g be a Rota-Baxter operator and
N : g −→ g a Nijenhuis operator on the Lie algebra g. A pair (R, N) is a Rota-Baxter-Nijenhuis
structure on the Lie algebra g if for x, y ∈ g, they satisfy
N ◦ R = R ◦N, (44)
[x, y]N◦R = [x, y]RN . (45)
where (45) is given by (28) with T = R and the representation ρ = ad.
It is obvious that if (R,N) is Rota-Baxter-Nijenhuis structure, then the triple (R,S = N,N) is
a Kupershmidt-Nijenhuis structure on the Lie algebra g with respect to the representation (g; ad).
In the following, we study the relation between Rota-Baxter-Nijenhuis structure and r-matrix-
Nijenhuis structure. First we recall some notions which was given in the articles by Semonov-Tian-
Shansky [19] or Kosmann-Schwarzbach [13].
Let g be a Lie algebra with an ad-invariant, non-degenerate, symmetric bilinear form B ∈ g⊗g.
Then B induces a bijective linear map B♯ : g∗ −→ g given by
〈B♯(α), β〉 = B(α, β), ∀ α, β ∈ g∗. (46)
By the ad-invariance of B, we have
B♯(ad∗xα) = adx(B
♯(α)), ∀ x ∈ g, α ∈ g∗. (47)
A skew-symmetric endomorphism of (g, B) is a linear map R from g to g such that R ◦B♯ :
g∗ −→ g is skew-symmetric.
The following theorem demonstrates the relation between Rota-Baxter-Nijenhuis structure and
r-matrix-Nijenhuis structure.
Theorem 5.3. Let R be a skew-symmetric endomorphism of (g, B), N : g −→ g a Nijenhuis
operator, and set π♯ = R ◦B♯. Assume that B and N are compatible, i.e.
B♯ ◦N∗ = N ◦B♯. (48)
If (R, N) is a Rota-Baxter-Nijenhuis structure on the Lie algebra g, then (π,N) is an r-matrix-
Nijenhuis structure on the Lie algebra g. Conversely, let (π,N) be a r-matrix-Nijenhuis structure
on the Lie algebra g with an ad-invariant, non-degenerate, symmetric bilinear form B. Then
(R = π♯ ◦ (B♯)−1, N) is a Rota-Baxter-Nijenhuis structure on the Lie algebra g.
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Proof. By Semonov-Tian-Shansky’s conclusion, π is an r-matrix. By (44) and (48), it is obvious
that N ◦ π♯ = π♯ ◦N∗.
Let α = (B♯)−1(x), β = (B♯)−1(y), by (47), we have
[α, β]
π♯
= ad∗π♯((B♯)−1(x))(B
♯)−1(y)− ad∗π♯((B♯)−1(y))(B
♯)−1(x)
= ad∗
R(x)(B
♯)−1(y)− ad∗
R(y)(B
♯)−1(x)
= (B♯)−1([R(x), y]g − [R(y), x]g) = (B
♯)−1([x, y]R),
which implies that
[α, β]
π♯
= (B♯)−1([x, y]R). (49)
Thus by (48) and (49), one has
[α, β]
N◦π♯
− [α, β]
π♯
N∗ = [α, β]
N◦π♯
−
(
[N∗(α), β]π
♯
+ [α,N∗(β)]π
♯
−N∗[α, β]π
♯)
= (B♯)−1([x, y]N◦R)−
(
[N∗((B♯)−1(x)), (B♯)−1(y)]π
♯
+ [(B♯)−1(x), N∗((B♯)−1(y))]π
♯
−N∗[(B♯)−1(x), (B♯)−1(y)]π
♯)
= (B♯)−1([x, y]N◦R)−
(
[(B♯)−1 ◦N(x), (B♯)−1(y)]π
♯
+ [(B♯)−1(x), (B♯)−1 ◦N(y))]π
♯
−N∗[(B♯)−1(x), (B♯)−1(y)]π
♯)
= (B♯)−1([x, y]N◦R)− (B♯)−1([N(x), y]g)− (B
♯)−1[x,N(y)]g +N
∗ ◦ (B♯)−1([x, y]g)
−N∗[(B♯)−1(x), (B♯)−1(y)]π
♯)
= (B♯)−1([x, y]N◦R)− (B♯)−1
(
[N(x), y]g + [x,N(y)]g −N([x, y]g)
)
= (B♯)−1([x, y]N◦R − [x, y]RN ) = 0,
which implies that [α, β]
N◦π♯
= [α, β]
π♯
N∗ .
By a similar proof, the converse follows immediately. We finish the proof.
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